We present a three dimensional continuum model for layered crystalline materials made out of weakly interacting two dimensional crystalline sheets. We specialize the model to multilayer graphene materials, including multi walled carbon nanotubes (MWCNTs). We view the material as a foliation, partitioning of space into a continuous stack of leaves, thus loosing track of the location of the individual graphene layers. The constitutive model for the bulk is derived from the atomistic interactions by appro priate kinematic assumptions, adapted to the foliation structure and mechanics. In particular, the elastic energy along the leaves of the foliation results from the bonded interactions, while the interaction energy between the walls, resulting from van der Waals forces, is parametrized with a stretch transversal to the foliation. The resulting theory is distinct from conventional anisotropic models, and can be readily discretized with finite elements. The discretization is not tied to the individual walls and allows us to coarse grain the system in all directions. Furthermore, the evaluation of the non bonded interactions becomes local. We test the accuracy of the foliation model against a previously proposed atomistic based continuum model that explicitly describes each and every wall. We find that the new model is very efficient and accurate. Furthermore, it allows us to rationalize the rippling deformation modes characteristic of thick MWCNTs, highlighting the role of the van der Waals forces and the sliding between the walls. By exercising the model with very large systems of hollow MWCNTs and suspended multilayer graphene, containing up to 10 9 atoms, we find new complex post buckling deformation patterns.
Introduction
The mechanical behavior of carbon nanotube (CNT) systems has attracted great attention over the last decade because of their importance in nanoscience and nanotechnology. Recently, graphene in the form of single sheets or multiple layer structures has taken over much of the research activity. Both families of systems exhibit phenomenal and tightly coupled mechanical, thermal and electronic properties with unique geometries and a high degree of crystalline order. Their slenderness, together with the strength and perfection of the graphene wall, allows these structures to undergo very large deformations in a reversible manner, without alterations of the lattice structure (Chopra et al., 1995; Poncharal et al., 1999; Yu et al., 2000a; Tombler et al., 2000; Yap et al., 2007; Yakobson et al., 1996; Maiti, 2000) . This resilience to undergo severe deformations without significant damage is the basis of CNT materials (Zhang et al., 2004; Cao et al., 2005) . The basic element of these materials is the graphene sheet, a two dimensional arrangement of carbon atoms forming a strong and stable honeycomb lattice, flexible in bending yet very stiff in plane, which interacts with neighboring graphene sheets and substrates through weak van der Waals interactions. The interplay between these different mechanical aspects of MWCNTs results in complex deformation morphologies (Poncharal et al., 1999; Kuzumaki et al., 1998; Lourie et al., 1998) , a characteristic power law nonlinear elastic response, and a strong size effect in the post buckling regime . The van der Waals interactions have been shown to result in a very smooth effective potential between two neighboring walls, which offers nearly no resistance in sliding (Kolmogorov and Crespi, 2000; Yu et al., 2000b) . Although the effect of registry between adhered graphene walls has been experimentally observed (Yu et al., 2001) , it is in general negligible (Lu et al., 2007) . The mechanical coherence, hence the overall stiffness, of multiple wall structures can be significantly enhanced by creating covalent bridges under moderate irradiation (Huhtala et al., 2004; Kis et al., 2004; Peng et al., 2008; Locascio et al., 2009) .
Given the phenomenal computational requirements of all atom models of CNT materials and devices, and given their shell like behavior beyond the linear elastic regime first noted by Yakobson et al. (1996) , these systems have been often understood, e.g. in interpreting experimental observations, in terms of continuum mechanics models. Continuum shell theories have provided valuable predictions (Pantano et al., 2004b) , and also prompted long debates about the value of phenomenological parameters, such as the thickness of a thin shell modeling a two dimensional arrangement of atoms (see Huang et al., 2006 for a recent overview on the topic and Arroyo and Belytschko, 2004a; Lu et al., 2009 for derivations of the graphene in plane and bending stiffness from atomistics, without invoking any thickness). On the other hand, a number of continuum models constructed from atomistic models have been proposed for the graphene wall, a few of which are reviewed next. In Arroyo and Belytschko (2002) , a surface model (i.e. without the notion of a shell thickness) based on interatomic potentials and on an extended Cauchy Born rule was presented, which accounts for the bending stiffness of the graphene wall and includes a continuum formulation of the van der Waals interactions. This theory has been systematically tested against all atom simulations in the full nonlinear regime, beyond geometric instabilities (Arroyo and Belytschko, 2004b) , and has made possible multimillion atom simulations with physically sound atomistic models of MWCNTs at an affordable computational cost (Arroyo and Belytschko, 2003; Arias and Arroyo, 2008; Zou et al., 2009 ). Huang and co workers presented a Cauchy Born continuum model accounting for the in plane behavior (Zhang et al., 2002b ) with applications to defect nucleation (Zhang et al., 2002a) amongst others, and more recently proposed a model also accounting for the bending stiffness (Wu et al., 2008) . A mixed continuum atomistic approach has been proposed by Park et al. (2006) . Yang and Weinan (2006) , Guo et al. (2006) and Sun and Liew (2008) proposed alternative modifications of the Cauchy Born rule to account for curvature. In a different line of thought, Dumitrica and James (2007) coarsened all atom descriptions of objective structures, such as nanotubes, through parameterizations of molecular models in terms of group transformations. See Ericksen (2008) for a review of these and other related approaches.
In atomistic models of MWCNTs and multiple layer graphene using empirical potentials, the evaluation of the van der Waals energy and forces takes by far most of the computational effort. While the bonded interactions are short ranged and very stable, the non bonded interactions are longer ranged and require the frequent update of the neighbor lists. In our previous atomistic based continuum approach for the van der Waals interactions (Arroyo and Belytschko, 2002, 2004b) , the resulting model for the wall to wall interactions was non local, i.e. expressed in terms of a double surface integral over the interacting walls, or twice over a given wall to capture self contact. Other contact models with a molecular basis (Sauer and Li, 2007) suffer from the same difficulty. When discretized by numerical quadrature, these models still require frequent neighbor searches and the density of the quadrature points needs to resolve the length scale of the van der Waals potential (about 1 nm) (Arroyo and Belytschko, 2004b) . While this continuum theory allows us to safely reduce the number of degrees of freedom by two orders of magnitude when discretized with finite elements, the number of quadrature points needed to sample the continuum version of the van der Waals interactions is only marginally smaller than the total number of atoms. This limitation in the degree of coarse graining is the bottleneck of large scale simulations with this method, which have reached MWCNTs containing nominally some 10 7 atoms on supercomputing platforms . While considering a phenomenological continuum model for the bonded interactions, Pantano et al. (2004a) partially alleviated this aspect in using an effective pressure separation cohesive law to model the inter wall interactions derived from a Lennard Jones atom atom potential. A similar cohesive approach has been proposed by Lu et al. (2007) . Yet, in all these approaches, each and every wall needs to be explicitly described. Bulk elastic orthotropic models for MWCNTs or multilayer graphene sheets avoid the need for an individual treatment of each wall and have qualitatively reproduced deformation patterns of MWCNTs observed in experiments, but at the expense of crude approximations Garg et al., 2007) .
Here, we present a bulk model for multilayer graphene materials and nanotubes, built from standard interatomic potentials for the bonded and the van der Waals interactions between carbon atoms. It fills the gap between detailed descriptions such as all atom or explicit layer models and effective rod like mesoscopic models for CNTs (Zhigilei et al., 2005; Buehler, 2006; Arroyo and Arias, 2008 ). The proposed model has no constitutive phenomenological input, beyond the particular interatomic potential of choice, and only relies on phenomenology with regards to the kinematics. Indeed, it is motivated by the observation that the spacing between neighboring walls, even in highly deformed MWCNTs, varies smoothly in space, which suggests that the density of the graphene walls in the direction perpendicular to the graphene walls can serve as a meaningful continuum strain measure (see Fig. 1, top and middle) . We call it a foliation model because this mathematical construction provides a natural partition of the three dimensional region of space occupied by a multilayer graphene system, both from a structural and from a mechanical point of view. Indeed, the leaves of the two dimensional foliation represent the graphene sheets, their stretch and bending kinematics can be related to the deformation of the covalent bonds within each sheet, and ultimately the energy of the bonded interactions can be evaluated. On the other hand, the kinematics of the co dimension 2 (i.e. one dimensional) transversal sections of the foliation measure the local density of the graphene sheets, and therefore can serve to evaluate the van der Waals interactions with an adequately parametrized potential. As it will become clear later, the resulting model fundamentally differs from standard anisotropic constitutive models, in that it accounts for the bending elasticity of the leaves, and observes exactly the invariance of the energy when sheets slide relative to each other without changing shape or transversal density. As illustrated in careful numerical tests, the proposed model very accurately mimics our previous surface model, which requires the explicit description of each wall and has been quantitatively validated against atomistic calculations (Arroyo and Belytschko, 2004b) .
The model we present here is very efficient computationally, in that the level of coarse graining is oblivious to the inter wall spacing or the length scale of the van der Waals potential, and the evaluation of the van der Waals energy is local at each point of the foliation, i.e. neighbor searches are not needed. Furthermore, the natural correspondence between the foliation geometry and the structure of multi layer graphene systems allows us to easily incorporate other ingredients such as the mechanical enhancement due to a distribution of covalent bonds bridging neighboring walls (Peng et al., 2008; Locascio et al., 2009; Huang et al., 2010) . We briefly discuss preliminary calculations including this effect. Our model is applicable to other multi layer systems formed by elastic layers with bending elasticity that interact weakly, such as graphene oxide paper (Dikin et al., 2007) . See also Novoselov (2011) for a catalog of new 2D crystals, which can form by stacking 3D heterostructures. The model looses track of the precise location of the individual graphene layers, and rather Fig. 1 . Experimental evidence of the smooth variation of the inter-wall spacing for a severely deformed 45-walled bent CNT (Poncharal et al., 1999) (top), cross-sections from a numerical simulation of the rippling phenomenon with the model proposed in Arroyo and Belytschko (2002, 2004b) for a 40-walled CNT (middle), and computational example of a local delamination in a bent 4-walled CNT (bottom considers a continuous distribution of leaves. Consequently, it may not be able to describe in detail situations in which the spacing between walls does not vary smoothly, such as local delaminations (see Fig. 1, bottom) .
Section 2 describes the kinematics of the foliated continuum, with a special attention to the incompatible reference configuration required to describe MWCNTs, and the a non standard strain measure, the transversal stretch, measuring the packing of the walls. Section 3 describes the formulation of the constitutive model from the bonded and non bonded interactions and Section 4 provides a concise description of the numerical implementation of the theory. A number of validation numerical examples are shown in Section 5. This section also provides new insight on the mechanics of rippling in MWCNTs, and presents applications of the model in graphene and MWCNT systems containing hundreds of millions of atoms. A summary and conclusions are given in Section 6.
Kinematics of the foliation model
A foliation is a geometric construction used to study manifolds (Cohen, 1974; Rovenski, 1995; Candell and Conlon, 1999) , particularly convenient to describe layered materials. A p dimensional foliation of a n dimensional manifold M can be thought of as a collection of disjoint connected p dimensional submanifolds M a (the leaves of the foliation) of M. The parameter labeling the leaves parameterizes the transversal sections of the foliation. Thus, locally, a foliation looks like a decomposition of a manifold in a set of parallel submanifolds of smaller dimension. In our context, the graphene walls in a multi layer graphene or CNTs can be understood as a particular finite collection of leaves of a two dimensional foliation of the region in three space occupied by the material. These leaves are indeed connected (through the network of atoms) and disjoint (by the Pauli exclusion principle), but are discretely placed in space with a specific spacing in a certain relaxed state. The foliated continuum is viewed as a continuous distribution of graphene layers in the transversal direction. The partition of the solid provided by the foliation structure allows us to incorporate the model in Arroyo and Belytschko (2002) to describe mechanics of the bonded interactions within the leaves, and the interlayer coarse grained model for the van der Waals interactions from Girifalco et al. (2000) .
Reference and deformed configurations
Let V be the parametric body, described by Cartesian coordinates fx 
0 . When possible, it is convenient to choose j 0 such that it describes a stress free state of the body. When considering multilayer graphene systems, there is no difficulty in proceeding this way. For MWCNTs, the choice of a reference configuration is not so straightforward. A straight cylindrical configuration seems a natural choice, but it is certainly not stress free. We find it more convenient to define a fully relaxed reference configuration, which is nevertheless not compatible, as described below. Note that the reference configuration is in fact a local concept, since the map j 0 only enters the formulation through its Jacobian matrix D x j 0 . One can thus ignore the map altogether and define a tensor field T 0 ðxÞ that takes the role of D x j 0 , which we simply call reference configuration. We choose Cartesian basis vectors fI 1 ,I 2 ,I 3 g to describe the local reference body at each material point, where again I 3 points in the transversal direction, I 1 in the circumferential direction, and I 2 in the longitudinal direction.
The atomic structure of MWCNTs is not known in precise terms, and probably depends on the method of synthesis. It is typically assumed that adjacent tubes have nominal radii that differ by a length close to the equilibrium spacing of graphene sheets t 0 % 0:3415 nm. This is accomplished for instance by choosing arm chair tubes (Saito et al., 1992) with indices (n,n)and (nþ5,nþ5), since the radius difference is DR ¼ 15a 0 =2p ¼ 0:339 nm for a value of the graphene equilibrium bond length of a 0 ¼ 0:142 nm. MWCNTs defined in this manner can in principle be placed in an ideal configuration, in which each graphene sheet is uniformly bent into a cylinder, but not sheared or stretched in plane, and the spacing between adjacent tubes is nearly t 0 . Hence, such a configuration stores bending energy, but nearly no van der Walls or in plane energy. This is not exactly the case due to the small coupling between bending and in plane deformations (Arroyo, 2003) and the dependence of the effective van der Waals interactions on curvature (Lu et al., 2007) . Both effects are only noticeable for tubes with very small radius, and we will ignore them in our definition of the reference configuration T 0 ðxÞ.
Let us consider a n wall walled CNT with nominal length L and tube indices ðn þ5i,n þ 5iÞ, i ¼ 0, ...,n wall 1. For the purpose of homogenizing the discrete set of layers into a continuum, we assign a thickness t 0 to each graphene wall (it is not the thickness of a thin shell). Then, the nominal inner and outer radii of the continuum are obtained as R inn ¼ð3a 0 =2pÞn t 0 =2a n d R out ¼ð3a 0 =2pÞ½n þ5ðn wall 1Þ þt 0 =2, respectively. See Fig. 2 for an illustration. For a fixed value of x 3 , i.e. a given leaf of the foliation, the domain ð0,1ÞÂð0,1Þ is mapped into a cylinder of perimeter 2p½R inn x 3 þ R out ð1 x 3 Þ and length L in the ideal configuration of the MWCNT. On the other hand, the fibers along x 3 ,ofunitlengthinV , are mapped into radial line segments of length R out R inn in the ideal configuration. Hence, distributing these deformations homogeneously, the reference configuration characterizing the stretch and shear free states of the system is
This tensor field provides a reference to properly define the metric deformations, e.g. the right Cauchy Green tensor, of a configuration map j : V /R For this reason, it can be viewed as an incompatible reference configuration, similar to what is done in other contexts, such as plasticity (Acharya and Bassani, 2000) or tissue growth (Grikipati, 2009 ). Despite we cannot define a reference body V 0 ,i ti s possible to define the volume element of the reference configuration as
Strain measures
We can now define the deformation gradient of a deformation map as
The right Cauchy Green tensor follows simply from C ¼ F T F. We define next the specific strain measures required for our purposes, quantifying the in plane deformation of the leaves, their curvature, and the density of the stack of graphene walls. The tangent vectors to the leaves of the foliation are given by
From here on, Greek indices will run from 1 to 2. The metric tensor of each leaf can be expressed in its natural basis fg 1 ,g 2 g
where / Á , Á S denotes the Euclidean scalar product in R 3 , and J Á J its associated norm. The field of normal unit vectors to the leaves of the foliation is given by
The curvature of each leaf is characterized by the components of the Weingarten map k ab ¼ /n,g b,a S, where the comma denotes partial differentiation with respect to x a . We define the component of the reference configuration tensor field tangent to the leaves as We can then define the strain measures required to evaluate the continuum bonded potential of the graphene walls, i.e. the right Cauchy Green tensor of the leaves
and the pull back of the Weingarten map, measuring curvature
See Arroyo and Belytschko (2002, 2004b) for details.
At each material point, labelled by its coordinates in the parametric body, x, the stretch of material fibers aligned along the transversal direction can be computed as
Note that, while this measure of deformation may be adequate to characterize the stretch of covalent bridges between adjacent walls, it does not measure the distance between the graphene sheets after deformation, which is the figure of merit in evaluating the van der Waals interactions. See Fig. 3 for an illustration, where l 3 41 (a transversal material fiber is stretched) but l t o1 (the leaves are compacted). The transversal stretch characterizing the compaction of the graphene wall is instead
This strain measure is crucial in the current formulation and significantly differs from the strain measures used in standard anisotropic elastic models. In particular, l t is invariant with respect to the shear occurring in the continuum when the graphene sheets slide relative to each other without deforming or changing their spacing. For post processing, it is useful to define the shear deformations measuring the relative sliding of the walls. We first note that the component of FI 3 tangential to the leaves is t ¼ FI 3 l t n. The (nonstandard) shear deformations along the leaves of the foliation are then defined as
measuring the relative sliding of the graphene walls along the circumferential and longitudinal directions, respectively.
Atomistic-based strain energy for the foliated bulk continuum
The constitutive model for the foliated bulk continuum results from two ingredients: (1) the surface model for the leaves, accounting for the bonded interactions and (2) an effective inter surface (rather than inter atomic) model for the van der Waals interactions. We describe below each of these ingredients, the resulting model, and briefly outline the derived stress measures appearing in the first variation of the total energy, required in the numerical implementation in Section 4.
Constitutive model for the bonded interactions of graphene
Graphene is a multi lattice, whose in plane elastic behavior follows from standard finite crystal elasticity based on the Cauchy Born rule, with the local relaxation of the inner displacements (see Arroyo and Belytschko, 2002; Zhang et al., 2002b and references therein). Such continuum models are written explicitly in terms of the atomistic analytical potential of choice and inherit the anisotropy of the underlying lattice. As outlined in the Introduction, a number of approaches have been proposed to extend the Cauchy Born method to curved low dimensional lattices such as graphene. We follow here the method based on the exponential Cauchy Born rule, which links the atomic deformation measures bond lengths, bond bending angles, or possibly dihedral angles (Lu et al., 2009 ) and the continuum strain measures of the equivalent continuum surface model, here C l and K in each leaf. Then, by averaging over the unit cell the discrete energy of the inequivalent bonds and angles computed with an interatomic potential, e.g. the potential for hydrocarbons in Brenner (1990) , and minimizing out the relative shift between the two simple lattices of graphene, an expression is obtained for the strain energy density per unit reference surface area W ECB ðC l ,KÞ. We refer to Arroyo and Belytschko (2002, 2004b) for details. A much simpler surface model was proposed in Arroyo and Belytschko (2005) , which was shown to provide reasonably accurate results as compared to all atom simulations even for very large deformations. This model is based on the Kirchhoff Saint Venant strain energy density and on the Helfrich curvature energy where
K is the mean curvature, and K ¼ det½ðC l Þ À1 K is the Gaussian curvature. As for the elastic constants, m and l are the two dimensional Lamé coefficients (Arroyo and Belytschko, 2004a) , and c a and c b are bending elastic moduli. By considering the uniform bending of a graphene sheet into a cylindrical surface, the modulus c a can be derived from atomistics (Lu et al., 2009) . Although graphene materials are generally not closed surfaces, hence the integral of the Gaussian curvature is in general not zero, the term involving c b was ignored in Arroyo and Belytschko (2005) . This model captures well the elastic moduli close to equilibrium and the geometric nonlinearities, which play an important role in the CNT mechanics. However, the material nonlinearities stemming from the interatomic potentials are ignored in the Kirchhoff Saint Venant Helfrich model. We present this model because in many situations its simplicity may outweigh the missing physics, although in this work the model based on the exponential Cauchy Born rule, W ECB ðC l ,KÞ, is adopted. In the following, we simply denote this potential by WðC l ,KÞ. Note that, in the foliated bulk continuum, the surface bonded energy density WðC l ,KÞ can be evaluated at any point in the body, which is made out of a continuous distribution of leaves. We can then distribute the bonded energy density per unit reference area in the thickness assigned to each sheet t 0 (the equilibrium spacing of graphene sheets) to obtain the volumetric bonded energy density
It is certainly possible to calculate the usual stress measures, such as the second Piola Kirchhoff stress tensor S ¼ 2@W=@C, which can be assigned a precise mechanical meaning. However, in the calculation of the first variation of the energy, and in the calculation of the out of balance forces of the discretized model, the relevant stress measures are a leaf second Piola Kirchhoff stress tensor S l ¼ 2@W=@C l and a couple stress associated to the bending of the leaves m ¼ @W=@K. The calculation of these stresses in terms of the inter atomic bond order potential used here is quite involved. We refer the reader to Arroyo and Belytschko (2004b, Appendix) . However, for the potential W KÀSVÀH , these can be explicitly computed as
and
Constitutive model for the van der Waals interactions
The van der Waals interactions give rise to very weak attractive forces when two interacting atoms are far apart, and to strong repulsive forces as the atoms are brought together. These interactions are important in the mechanics of MWCNTs, or single walled CNTs in their collapsed configurations, as well as in bundles, forests or ropes of CNTs. These interactions are generally modeled with a pair wise potential between non bonded atoms, such as the classical Lennard Jones (LJ) potential (Lennard Jones, 1924; Girifalco et al., 2000) given by
where s denotes the distance at which the potential attains its minimum, E is the potential well depth, and r is the distance between the interacting atoms. The values of the constants for graphitic systems are E ¼ 0:153 Â 10 À2 aJ and s ¼ 0:3834 nm (Girifalco and Lad, 1956; Qian et al., 2002) . In a full atom simulation, the non bonded energy follows from the sum over all the atom pairs of the system (excluding bonded pairs of atoms)
where r ij is the distance between the i th and the j thatoms.Thisdoublesumisaveryexpensivepartofthecomputation,and is in practice alleviated by truncating the LJ potential beyond a cut off distance r cut . To avoid a discontinuity in the potential and its derivative, the truncated potential is shifted linearly as
The second sum in Eq. (16) is then performed only for neighboring atoms within a distance r cut to the i th atom. Furthermore, the neighbor list is updated periodically but not in every evaluation of the energy. In spite of these techniques, these interactions remain non local in nature, and there has been an interest for effective potentials between graphitic systems, e.g. binding energies between pairs of objects such as bucky balls, straight infinitely long CNTs and planar graphene sheets, as a function of the distance between the objects and possibly their relative pose (Girifalco et al., 2000) . Here, we are interested in the effective potential (energy per unit area) between two parallel infinite graphene sheets interacting with the potential V LJ as a function of their distance t,w h i c hi sf o u n dt ob e
where t 0 is the equilibrium spacing between the graphene walls and 9V g ðt 0 Þ9 denotes the well depth. Their numerical values are 3.415Åa n d1 5:36 meV=Å 2 , respectively. The well depth is given by 9V g ðt 0 Þ9 ¼ 2pr 2 c Eð2 À1=6 sÞ 2 ,wherer c is the area density of the carbon atoms in the equilibrium configuration of graphene. For later reference, we provide also the effective potential when the atoms in each graphene sheet interact through V LJ,cut . Such a potential is not provided in the literature. Using a cut off for the LJ potential does not change in any way the computational cost of the foliation model. Nevertheless, the effective potential V g,cut is needed for a quantitative comparison with the explicit all layer model, which uses a cut off to alleviate the computational cost. Consider two infinite parallel graphene sheets at a distance t. The energy per unit area is
which, after a change of integration variable, becomes
Recalling V LJ,cut from Eq. (17), we obtain
Note that this formula is not the standard cut off of Eq. (18) We provide a numerical validation of the effective graphene graphene van der Waals potential, by comparing it with an all atom calculation with the pair wise potential. In the discrete calculations, two large parallel graphene sheets in their ground state are considered, separated by a variable distance. Then, the pair wise interaction energy between one atom in one of the graphene sheets and all the atoms in the other sheet is computed, and divided by the area per atom. This energy depends on the particular registry between the two graphene sheets. For each separation distance, this effect is removed by averaging the position of the atom of the first sheet over the triangle formed by the high symmetry points of the unit cell. The excellent agreement between discrete and the continuum potentials is shown in Fig. 4 .
We now define the volumetric potential for the van der Waals interactions. For this, we note the following assumptions and remarks:
We assume that, locally, the graphene sheets remain nearly parallel. Consequently, the local van der Waals energy density can be computed assuming the graphene sheets are infinitely large and planar using the potential V g . The distance between a nominal pair of graphene sheets at each point of the foliation is taken as l t t 0 .
When homogenizing the graphene pair potential V g , we should account for the fact that a n wall walled CNT has in fact n wall 1 interactions between adjacent walls. The potential V g measures the van der Waals energy per unit area for graphene sheets in their ground state, i.e. with the equilibrium density of atoms per unit area. If the deformation stretches the graphene walls, then the number of atoms per unit area changes, and therefore, the effective potential should be corrected accordingly.
With these considerations in mind, the volumetric effective local potential for the van der Waals interactions is
where J l denotes the leaf Jacobian determinant
measuring the changes in local area in the leaves. In practice, changes in area are energetically very unfavorable, and therefore, the correction that this term introduces is insignificant in many cases. This model disregards the effect on the effective van der Waals interactions of the curvature of the graphene sheets, the registry of the graphene walls, and the axial finiteness of actual CNTs. These effects have been shown to be insignificant by Lu et al. (2007) . Note also that, contrary to the assumption that adjacent walls remain parallel, any interesting deformation morphology such as rippling necessarily requires the separation between adjacent walls to be non uniform, although smoothly varying (see Fig. 1 ). Our model tacitly assumes that the nonlocal effects in the van der Waals interactions, e.g. arising from gradients in the separation, are not very important. We check the validity of this assumption a posteriori,b y direct comparison of the equilibria of the foliation model and those of the explicit layer model that treats the van der Waals interactions in a fully non local manner. It is conceivable that for other multilayer materials this assumption may lead to inaccuracies, but for multilayer graphene and MWCNTs, we find it is adequate. Further theoretical work estimating the modeling error would be very interesting. Other non local effects such as the edge effects in the tube tube interactions, responsible for MWCNT based oscillators (Zheng and Jiang, 2002) are also ignored by the model. Since this model accounts only for the interaction between neighboring walls, it does not capture the self interaction of the inner and outer shells of a MWCNT. This effect can be easily included by considering the explicit layer model in Arroyo and Belytschko (2004b) for the outer surfaces of the foliation model. The explicit layer and the foliation models can also be combined to study inhomogeneous delamination or exfoliation.
The relevant stress measures in the first variation of the total energy are, one the one hand, the pressure conjugate to the transversal stretch
and on the other hand, the leaf second Piola Kirchhoff stress tensor due to the van der Waals interactions
where we have used the fact that
Total potential energy and its variation
The total strain energy per unit reference volume for the foliated continuum is simply WðC l ,KÞþV vdw ðl t ,C l Þ, and therefore, the total internal energy of the system is
where Eq. (2) needs to be kept in mind. The application of external forces on the nuclei, for instance electrostatic forces, gives rise to a body force in the continuum. The corresponding potential is given by
where B is the body force per unit reference volume. The total potential energy is then
The (meta )stable equilibrium deformation configurations are the (local) minimizers of the total energy
where G is the appropriate space of trial configurations accounting for essential boundary conditions. According to the principle of stationary potential energy, the equilibrium configurations of the system are stationary points of the potential energy functional, i.e. the variation of the potential energy functional should be zero at equilibrium, yielding the principle of virtual work
for all admissible variations with homogeneous essential boundary conditions dj 2 G 0 . From the definition of the transversal stretch in Eq. (10), we have
The variations of n, C l and K in terms of dj are given in Arroyo and Belytschko (2004b, Appendix) .
Numerical implementation

Finite element approximation
Since the energy depends on the curvature of the leaves, the numerical approximation of the configurations should have square integrable second order derivatives along the leaves of the foliation. On the other hand, in the transversal direction only first derivatives appear in the energy. Roughly speaking, the configuration maps needs to be C 1 along the leaves and C 0 in the transversal direction for a direct Ritz Galerkin method. We consider a B Spline approximation of the configurations.
We define the B Splines basis functions on the parametric body V partitioning it into a tensor product grid of knots, with the standard recursive algorithms, see e.g. Piegl and Tiller (1997) . The basis functions are piecewise polynomials on the knot spans, and the continuity of the approximants increases with their order. When modeling MWCNTs, the B Splines are periodic along the x 1 . The minimal requirements for the present theory are quadratic B Splines in the leaf direction x 1 x 2 and linear along the transverse direction x 3 . In the examples presented below, we use quadratic B Splines in all three directions, but we have also made calculations that are only linear and C 0 in the transversal direction with similar, slightly less accurate results.
A B Spline approximation of a configuration map reads as
where x IJK are the control points defining the configuration. It is straightforward to compute the strain measures for a given discretized configuration map. While this method allows us to define a non uniform knot grid concentrating the numerical resolution in the vicinity of the outer wall along x 3 , where the post buckling deformation pattern becomes intricate, this grid needs to be a tensor product of one dimensional grids. Consequently, along the circumferential direction x 2 , the same number of basis functions describe the inner and the outer parts of a MWCNT, which is clearly not optimal since the inner core undergoes much simpler deformations than the outer regions. Thus, this simple method does not exploit the full advantages of the proposed theory, specifically the freedom to fully untie the discretization from the multilayer structure of MWCNTs. Yet, the practical benefits of the proposed model are sufficiently clear from the examples presented below.
Energy and out of balance forces
The discrete energy function is a function of the control points alone, collected in the array x, P h ðxÞ¼P½j h . The integrals involved in the definition of the energy functional are evaluated with Gaussian quadrature on the knot spans. We seek minimizers of this energy, as stable equilibria of the system. In the examples presented later, the load is imposed incrementally. For each increment, the energy P h ðxÞ is minimized numerically until convergence. In the next step, an initial guess is defined in terms of the previously converged configuration. When considering imposed displacement, we use an ansatz for the incremental deformation to define good initial guesses for the iterative minimization algorithm, consistent with the imposed constraints. This allows us to take relatively large load increments.
Note that the quadrature points for both the bonded and the van der Waals energies are exactly the same. In addition, both evaluations are strictly local, and do not require neighbor searches. This sharply contrasts with the implementation in Arroyo and Belytschko (2004b) of a model explicitly modeling each graphene wall, with a continuum yet non local model for the van der Waals interactions. In this reference, two quadrature points were used for the bonded interaction within each triangle of the subdivision finite elements discretization, while 12 quadrature points per triangle were required in MWCNT simulations to capture the length scale associated with the van der Waals interatomic potential.
The energy is numerically minimized with a quasi Newton method, the L BFGS method with line search as implemented by Liu and Nocedal (1989) and Gilbert and Nocedal (1992) . This method only requires the gradients of the objective function, @P h =@x. These derivatives follow from the expression of the first variation of the potential energy in Eq. (30), and from the derivative of the strain measures in terms of the degrees of freedom x.
Numerical results
In this section we exercise the foliation model in numerical tests involving thick and long MWCNTs and multilayer graphene. We incrementally deform these systems deep into the post buckling regime. The goal is to analyze the performance of the proposed model and exemplify its salient features. We take the model explicitly describing each individual graphene surface as a reference, and expect that the foliation model mimics its energetics and the deformation morphologies. This method of validation is justified by the infeasibility of full atomistic simulations for the systems of interest, and by the systematic validation of the surface model against atomistic simulations (Arroyo and Belytschko, 2004b) .
We insist on the fact that the foliation model reduces the computational cost in two fundamental ways, as opposed to an explicit layer model. First, it allows us to discretize the system in the transverse direction independently of the interlayer spacing, hence introducing an additional level of coarse graining that complements the leave coarse graining granted by the atomistic based continuum surface model. Second, and more importantly, the foliation model renders the evaluation of the non bonded interactions local by well motivated approximations whose adequacy is tested by the numerical tests below. The non local nature of the van der Waals interactions is the bottle neck of atomistic or explicit layer models of multilayer CNT or graphene systems.
We also note that in displaying the numerical deformations, we do not show the control points (B Splines are not interpolating), but rather the image by the B Spline mapping in Eq. (31) of nominal leaves of the foliation. We consider here the Brenner potential (Brenner, 1990) for the bonded interactions. For the inter wall interactions, we restrict ourselves to van der Waals forces as described earlier, even though the foliation model makes it very easy to incorporate the effect of inter wall bridging (Huhtala et al., 2004; Kis et al., 2004; Peng et al., 2008; Locascio et al., 2009 ) through effective cohesive models. This topic will be addressed in our future research.
Telescopic displacement of a MWCNT
This example tests the invariance of the foliation energy with respect to the relative sliding of the walls without changing their shape and spacing. For this purpose, a foliation model for a 10 walled CNT is deformed by applying a displacement along the tube axis proportional to the leave radius. See Fig. 5 for an illustration of a 10 walled CNT 100 nm long undergoing a total relative displacement between the inner and outer (nominal) walls of 50 nm. Note that the foliation model describes a bulk 3D material, see Fig. 5 bottom, despite the fact that we visualize it with a collection of deformed nominal walls (selected leaves of the foliation). We check numerically that the energy of the foliation model remains nearly constant during this process. This observation helps us interpret the experimental observations of telescopic MWCNT structures. During the deformation, the transverse stretch l t defined in Eq. (10) remains unchanged, while the conventional stretch in the radial direction l 3 defined in Eq. (9) changes significantly. Therefore, conventional anisotropic models would not reproduce this invariance property. It must be noted that a full atomistic model would not be invariant with respect to this sliding, as in the telescopically deformed system parts of the walls become unexposed to van der Waals contact, hence increasing the non bonded energy. The local foliation model does not capture this boundary effect. 
Pure bending of MWCNTs
Often, MWCNTs are subject to bending, and develop the so called rippling deformation patterns. These patterns give rise to a well defined post buckling behavior, as described in Arroyo and Arias (2008) and Arias and Arroyo (2008) . We revisit here the pure bending simulations reported in these papers for two reasons. First, these simulations serve as a validation of the proposed model in a complex situation, and second, the foliation model allows us to rationalize the mechanics of rippling and understand the key role of the inter layer interactions.
We follow the four point bending setup in Arroyo and Arias (2008) , in which a long MWCNT is constrained by four other rigid tubes to produce pure bending in the central part of the tube, roughly half of its total length. Data is only collected in this central part, where the mechanical state is quite uniform along the tube axis. This setup is expensive computationally, but does not introduce the artifacts of other simpler boundary conditions. The computational efficiency of simulations based on the foliation model allows us to easily access this setup, which would become unaffordable with atomistic calculations. Our setup allows the walls to freely slide, leading to non planar cross sections at the ends, as clearly seen from the deformation plots. The coherence of the deformation of the different walls, set for instance by the boundary conditions or by the existence of bridges, can strongly affect the bending response of the multilayer material, possibly mobilizing in plane stretching (Sen et al., 2010; Zhang et al., 2011) . Fig. 6 shows the comparison of the total energy as a function of curvature for 10 , 20 , 30 and 40 walled CNTs computed in independent simulations with the explicit layer model and with the foliation model. Their lengths are 120, 240, 360 and 480 nm, and they contain nominally some 0.53, 4, 13.6 and 31 million atoms, respectively. The energy plot is in log log scale to highlight the composite power law characteristic of these systems, in which the energy is initially proportional to the square of the deformation, and then in the post buckling regime proportional to the deformation to a power between 1 and 2, here 1.42. As a matter of fact these four composite power laws can be collapsed into a single size dependent universal law, as described in Arias and Arroyo (2008) . The energy comparison is excellent, with barely noticeable discrepancies. The morphological pattern also shows excellent agreement, although the specific pattern exhibits variations due to the massive non uniqueness of . By mesh refinement, we have checked that our results, and in particular the length scale of the ripples is mesh objective. The foliation constitutive model has a number of length scales built in, such as that arising from the ratio between the bending and the in plane elastic moduli of a graphene sheet, the separation between sheets, or the dissociation separation of the graphene graphene potential. The rippling wavelength is set by complex post buckling mechanics. This length scale has been shown to lead to a size effect in the effective behavior of MWCNTs seen as elastic rods . Table 1 summarizes the complexity of the different models considered in Fig. 6 . To select the finite element meshes for the surface and the foliation models, we made sure that the results were converged, but did not over resolve the problem. Therefore, the comparison of the two models in terms of complexity is reasonable. It can be observed that the foliation model was able to halve the number of nodes as compared to the surface model. This has the practical consequence that, unless an optimal preconditioner is used, the foliation model needs fewer iterations for the nonlinear solver to converge. What is more, the number of quadrature points is drastically reduced (more than sixfold), when we compare the Gauss points of the foliation model and the van der Waals quadrature points of the surface model. As emphasized earlier, while the latter behave as atoms interacting through a long ranged potential (need for neighbor lists), the former are just evaluation points of a local potential. With our implementation, the evaluation of the energy in the foliation model takes about ten times less than the evaluation of the energy with the surface model in these examples. A more flexible discretization avoiding the tensor product structure of B Splines would clearly further reduce the computational cost of simulations based on the foliation model. Fig. 7 illustrates the kinematics of these rippling deformations, particularly with regards to the inter wall interactions.
The color maps of l t , defined in Eq. (10) slack, while regions below the furrows are compacted. Correspondingly, the regions of high compaction have a high van der Waals energy, as the repulsive part of the potential is mobilized. The resulting van der Waals pressure, see Eq. (24), forms a network of struts resisting compressive stresses above 10 GPa. This pattern of interleaved triangular regions connected to a central longitudinal core explains how the rippling pattern is stabilized, see Fig. 8 . Fig. 7 separation occur in a single cross section, or within a longitudinal wavelength. It is also clear from this figure that inter wall covalent bridges are likely to affect this deformation pattern. We have performed preliminary calculations with various concentration of bridges and considering the bridges as anharmonic springs that go unstable beyond a given extension, with a potential deduced from the atomistic calculations reported in Peng et al. (2008) . As reported recently in Huang et al. (2010) , we find that the onset of buckling is delayed by the covalent bridges, but we also find that after the complex buckling pattern has formed, the bonds are strained beyond 40% and dissociate, leading to non uniform localized deformations. These calculations suggest that the covalent bridges may break under the large tangential displacements of this post buckling deformation mode. This will be reported in a subsequent publication.
Twisting of MWCNTs
In twisting, MWCNTs have also been shown to display rippling deformations, with a composite power law relation between elastic energy and twisting angle. Fig. 9 shows again the excellent agreement with the surface model at a fraction of the computational cost and with a more standard implementation relying on a local constitutive model. In these simulations, a long MWCNT is subject to twist, and data is collected in the central half of the system to alleviate the boundary effects. The discrepancy between the foliation and the surface models for a twisting angle of 601 on the 40 walled tube is of 2%. As before, it is obvious from the mesh used in our calculations that a numerical method able to deal with the smoothness requirements of the foliation model (square integrable second derivatives of the deformation along the leaves) and free of the tensor product constraint of B Splines would lead to even more efficient simulations. Fig. 10 shows the kinematics and non bonded energetics of this deformation mode. As before, the walls are compacted below the furrows of the outer rippled surface, resulting in compressive transversal strains of about 10%. This in turn mobilizes the hard, compressive part of the van der Waals potential, producing regions of high interaction energy, and consequently of high compressive van der Waals pressure. The figure also shows the very large shears tangential to the leaves occurring transversally and longitudinally. Again, relative displacements between adjacent walls on the order of the inter wall spacing occur within a single wavelength. Thus, rippling deformations are a manifestation of the smooth inter wall potential tangentially to the walls.
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Hollow MWCNTs
Depending on the synthesis method and the conditions, MWCNTs with a large hollow core can be produced, and are common in applications. It is reasonable to expect that their mechanical response to deformation will lie between the behavior of single walled CNTs and that of thick MWCNTs without a seizable empty core. For instance, in bending, single walled CNTs have been shown to develop sharp kinks that absorb in a single location most of the deformation, whereas we have seen in previous examples that thick MWCNTs, which lack internal space to accommodate a single deep buckle, present a distributed buckling pattern.
Hollow MWCNTs are quite floppy, which makes it difficult to simulate them. For instance, it is difficult to obtain converged solutions with the surface model describing each wall. The proposed foliation model can access these systems very easily. We report here the four point bending and twisting of micron sized tubes, see Fig. 11 . The MWCNT subject to bending contains nominally 1.23 million atoms, while the one in torsion contains a little over 10 9 atoms. In bending, it can be seen as initially, the system develops two kinks in the central region. As bending becomes more pronounced, these kinks lock and more buckles develop. The resulting deformation morphology does not follow a well defined pattern, and different simulations with slightly different parameters can produce morphologically distinct deformations, yet with similar energy (Arroyo and Belytschko, 2004b) . In torsion, we find the system switches between modes, from a fourfold symmetric cross section, to a threefold mode, and finally a twofold mode. The walls are quite floppy at the length scale of the large diameter of this tube, which leaves space for a secondary bucking pattern in the helical furrows, highlighted in the color plot of the longitudinal shear tangential to the leaves. The frequency of the secondary buckling motif is highest for the four petals mode and lowest for the two petals mode. Deformation patterns in MWCNTs arise from a competition between in plane, bending and van der Waals energies, and a full understanding has been missing. From a general consideration, we expect that the secondary motif allows the system to further relax in plane stretching or shearing at the expense of a small amount of curvature and van der Waals energy. In this particular example, we check that the ridges are under slight longitudinal tension, while the furrows are under slight longitudinal compression. This slack may explain the secondary buckling motif.
Nanoindentation of multi layer graphene
The mechanical behavior of graphene has been investigated through atomic force microscopy (AFM) (Lee et al., 2008 (Lee et al., , 2009 . In these experiments, flakes of monolayer to up to three layer graphene were deposited over a Si substrate with The system contains about 380 million atoms. Top: deformation morphology at several indentation depths. Bottom: color maps of the shear tangential to the graphene walls along the x 1 direction (left) and transverse stretch, measuring the packing of the sheets (right), both at the top surface of the 10-walled graphene sample. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) circular holes from 1 to 1:5 mm in diameter. Subsequently, the suspended graphene membranes were indented. Similar experiments were performed by Poot and van der Zant (2008) for thicker multi walled (8 100 layers) graphene suspended over circular holes of radii from 84 nm to 0:54 mm. However, little is known about the detailed deformation patterns and the likely geometric instabilities in such experiments. We exercise here the foliation model to study the indentation of multilayer graphene of experimentally accessible dimensions. Accurate simulations tend to consider much smaller samples (Wang et al., 2009 ), a compromising assumption for the size dependent mechanics of such systems. The foliation model allows us to easily access the actual scales of experiments.
We model the substrate as a flat surface interacting with graphene via a Lennard Jones potential. As proposed by Aitken and Huang (2010) , the interaction between graphene and a flat SiO 2 substrate surface is modeled by the following 9 3 Lennard Jones energy area density
where z is the distance between SiO 2 substrate surface and its nearest graphene mono layer. h 0 and E gsi are the equilibrium separation and equilibrium energy area density, respectively. We take h 0 ¼ 0:6 nm following Aitken and Huang (2010) and E gsi ¼ 0:096 J=m 2 , as suggested by Ishigami et al. (2007) . The indenter is modeled as a flat disc like surface with 10 nm radius interacting with the uppermost graphene layer through a Lennard Jones 9 3 potential.
We consider a 10 walled square graphene sample of lateral dimension 1 mm. The sample is suspended over a hole of radius 0:25 mm, and then deformed with an indenter vertically displaced at its center. For small indentation depths, the graphene sample is stretched and bent. Up to this point the membrane tension in the central part is not sufficient to overcome the adhesion between graphene and the substrate. The deformed shape is very smooth, except below the indenter. As the indentation depth increases, a critical point is reached and the graphene sample wrinkles as material slips from the adhered part into the free standing region. The amplitude of wrinkles increases with the indentation depth. See Fig. 12 for an illustration. Graphene wrinkling under indentation has been reported in molecular simulations for much smaller systems (Wang et al., 2009 ). Wrinkling of graphene sheets under indentation is not surprising, and similar phenomena have been observed in graphene in other situations, such as uniaxial tension (Bao et al., 2009) . Given the fact that wrinkling of mono and multi layered graphene strongly influences the electronic and transport properties (Low et al., 2011; Katsnelson and Geim, 2008; Morozov et al., 2008) , this simulation suggests that nano electro mechanical devices may exploit the controlled rippling of graphene systems under indentation. Our preliminary observation suggests that the onset and morphology of wrinkling is sensitive to the strength of adhesion between graphene and SiO 2 , the number of layers of graphene, and radius of the hole. A systematic study is the subject of current research. The color plot of the shear tangential to the walls g l 1 at the uppermost surface shows that, again, these wrinkling deformations produce significant sliding between the graphene walls, and may be interpreted as an observable manifestation of the smooth tangential potential between the walls. A similar pattern of wall sliding is observed at internal graphene walls, or at the bottom surface. These results also suggest that moderate irradiation, producing covalent bridges between the walls, may delay the emergence of wrinkling. The color plot of l t at the topmost surface shows that, except in the vicinity of the indenter, the separation between the walls remains close to the equilibrium separation. At internal planes or at the bottom surface, l t is nearly one everywhere. Thus, contrary to the wrinkling patterns in bending and twisting, this pattern is very relaxed from the point of view of the van der Waals forces.
Conclusions
We have presented a new bulk atomistic based continuum model for layered crystalline materials made out of two dimensional crystalline sheets. Such systems are emerging as a new family of materials with tunable and exceptional properties (Novoselov, 2011) , but here we particularize the model to multi layer graphene systems, including multi walled carbon nanotubes. The proposed model exploits the foliation structure and mechanics of these systems, which allows us to express the strain energy of the leaves (walls) in terms of the bonded atomistic interactions and the interaction energy between the leaves in terms of the van der Waals potential. The key feature of the model is that, contrary to previous atomistic based continuum models of graphene, it deals with a continuous distribution of walls in the transverse direction, rather than tracking each individual wall. This allows us to coarse grain the system in all directions in the finite element discretization of the theory. Another salient feature of the foliation model is that the non bonded interactions are parametrized in terms of a local strain measure, thus avoiding expensive neighbor searches and summations. We have tested the accuracy and efficiency of the proposed foliation model against simulations based on an explicit surface model previously validated against full atomistics, obtaining excellent results. We have exercised the model in large hollow MWCNTs and graphene samples containing nominally up to 10 9 atoms, showing the ability of the proposed model to access the length scales of actual experiments. The foliation model provides insight on the commonly observed rippling deformations of MWCNTs, highlighting the importance of a network of compressive struts due to van der Waals forces, which stabilize the post buckling motifs. We have also shown the very large relative sliding between the graphene walls that occur as a result of wrinkling in MWCNTs and graphene systems. The wrinkling morphologies can thus be interpreted as an observable signature of the smooth inter layer potential against relative sliding, and can presumably be delayed by covalent bridges between the walls. Current research includes the systematic treatment of these covalent bridges, including the possibility of bond breaking.
